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Introduction: Beth-Uhlenbeck vs. Generalized BU

Beth-Uhlenbeck: 2" virial coefficient B(T)

BU for virial expansion of density:
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Introduction: Beth-Uhlenbeck vs. Generalized BU

Thermodynamic Greens function approach: ag, _ - |
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®-derivable approach, 2-loop approximation

J.-P. Blaizot, E. lancu, A. Rebhan, Phys. Rev. D 63 (2001) 065003

Skeleton expansion for thermodynamic potential and entropy

1 1
BOQ[D]=—logZ=-TrlogD ' - STrIID+®[D] -[D] = mz@ +1mm+ms@ .

| T
Inv. Temp: 1/T trace in conf. Space self-energy related to D
Dyson equation: D -1 =DE 1+ 11 Free propagator Do is known
Essential property of Q[D] is Stationarity under variation of D: 06 Q[D]/dD =0
This implies d ®[D]/ 6D =1/2T1
Physical propagator and selfenergy are defined self-consistently !

Self-consistent approximations are defined by the choice of ®

- @ — derivable theories

G. Baym, Phys. Rev. 127 (1962) 1391; Vanderheyden & Baym; J. Stat. Phys. 93, 843 (1998)



Approximately selfconsistent thermodynamics

Matsubara summation:;

d*k .
0N/V= Wn{m][lmlﬂg{—mz+k“+ [1)-ImIID] +T®[D]/V

Analytic properties:

% dkg plko K k
0PE k) o D(w k) =ImD(w+ie k)= "L2E)

—wlm Kg—w 2

D(w.k)= j
Thermodynamics from entropy density: &= —a{{L/V)/aT

d*k an(w)
(2m)* aT

Im(w.k)Re D(w. k) + &'

S:_j d*k  an(w)
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Tl @mr T

T/ V)
T
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Re [l Im D > 0

for two-loop skeleton diagrams

Loosely speaking: S'accounts for residual interactions of “independent quasiparticles”

d/dw[Imlog D'+ ImMReD]=2Im[D Iml (d/dw D*) ImI1] = 2 sin?d dd/dw , for D = |D|e'®

D. B., in preparation (2017)



Proof of cancellations resulting in S'=0 (1)

D+,/[§:rj!;“ {BHB?JHEHImD}

T dkdﬂk
-0 = —TEZf = D(w1, |k1|)D(wz, |ke|) D(~w1 — w2, | — k1 — ka)

ATd/V)
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First term

Spectral representation
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D(w, k) = f g;fiwj
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d‘kd*k’d‘k” ~1 —1 1
_ _q: —T3 f SNk + K + KMok o(E ok
Z l: + } { JIP{ J'ﬂl: }wl—kgwE—kEW1+W3+kg

Wl Lo

Partial fraction decomposition of the three energy denominators and Matsubara summation over wy, w; yields:

1 " I "
Py {[n(kg) + 1] [n(ko) + n(kg) + 1] + n(ko)n(ky)}

Temperature derivative and renaming variables under the integrals

0r [n(ko + n(ko) + n(ko) + n(ko)n(ko) + n(ko)n(ky) + n(ko)n(ko)] — 30rn(ko) [1 + n(ko) + n(kq)]




Proof of cancellations resulting in S'=0 (1)

Second term:
2 3
q d-k dk.;. fdkn . 1 1
Rell = —= ko, |k Bk E
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1
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ke A0
g B f (2r) d IE 561 (q + k+ K)p(@)p(K)p(k )8rn(go) [1 + (ko) + n(Ky)] (8)

(2m)4 27

This proves the cancellation of & for the scalar theory with cubic selfinteraction in the 2-loop approximation (sunset
diagram) for the ®— functional.

This cancellation holds as well for the pressure and the density!

For the pressure we obtain

dq ] dq a 8d(q) . .

— i . —gn Ty Z5HT 2

p(T) f )7 (0) [6(a) —sind(q) cosd(q)] = — [ F5Tn (1—eT) 2sin? §(q) (9)
Note that in the approximation §(gp,q) = — arctanfw~y /(g3 — w?)] the "spectral distribution” does not correspond to

a Lorentzian (Breit-Wigner) function as naively expected, but to a "squared Lorentzian”

dgo(wy)®
[(g5 — w?)? + (w7)*]? (10)

See, e.g., Vanderheyden & Baym (1998); Morozov & Ropke, Ann. Phys. 324 (2009) 1261




Approximately selfconsistent HTL resumm. QCD
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FIG. 3. Diagrams for d» at 2-loop order in QCD. Wigely, plam,
and dotted lines refer respectively to gluons, quarks, and ghosts_

In ghost-free gauge, HTL resummed QCD thermodyn.
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J.-P. Blaizot, E. lancu, A. Rebhan, Phys. Rev. D 63 (2001) 065003



Generalized Optical Theorems

See derivations for T-matrices by R. Zimmermann & H. Stolz, pss (b) 131, 151 (1985)
Here we consider the analogue of T =V - G°, the propagator S = G" —T1, G real, static

Assuming the inverse exists we have two identities: S = S*S* 'S and §* = §*§-18

Sp+iS; = S*(SR' —i511)5 | ey Sr = §'Sp'S,

Sp —iS; = S*(Sg' +is;jh)s . S = -8*S;'S,
With definition S = G —I1 follows off-shell optical theorem: S; = S8*I1; S = S1I; 57
Using the fact that G is a real constant, we have: _(Sﬁl}" =-IIp and §;'=_II;

Sp = S¥Sp'S+8%(S;')S+ 55,8
= S*¥(S5' +iS; 1 —iS71)S + 8%(S5')'S + S*(Sgt 1S, HS S
g-1 1
Y S
= 8% + 8 _i85*'8;'5 +i5*5; '8 + §*(S;'Y'S
L
25p

S* IS —15*; S +15*10; 5",

Derivative optical theorem:

Splly = S* IS +15* 10 STl —1S¥I ST, e
: N ’

St — 'y S; = 2Im [I; STI; S*]

>
1%, 2 Im[IT; STy 5]






®-derivable Q-M-D PNJL model, 2-loop approximation
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®-derivable Q-M-D PNJL model, 2-loop approximation

1T
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®-derivable Q-M-D PNJL model, 2-loop approximation

(Imln§~*)" = —Im (SI') = SyIl; — STy — (M7 Sy, + SrITy)

a i
2 Im(ST1; 8+ ) (M Sg)

Use optical theorems ...
SIl; = sin 4 el? .. S*’H; — —i§’ sinde ¥ .. ﬂIm(SH;S*’H;] = _24sin”* 4 .
Generalized Beth-Uhlenbeck EoS

98i(w, q)
O

— Tl — e~ @—#)/T] gin? §,(w, q)

Effect of the sin”2 term ... example: Breit-Wigner ...

Lty Pf; ] 5{5.; {LLJ} - Emm.if‘,-
7 3

§;(w) = — arctan [

w? — w; o (W -w?)? WP
2 90; (w) 2 (w; ;) “Squared Lorentzian” ...
sin” d; (w) = 7 3212z ©  Vanderheyden & Baym (1998)
dw [(w? — wi)? +wiTE)? y y

Morozov & Roepke (2009)



1. Cluster expansion in the 2Pl formalism

e &— derivable approach to the grand canonical thermodynamic potential
[Baym, Phys. Rev. 127 (1962) 139]

J = —Tr{In(=G1)} — Tr{S1G1} + Tr {In(—Ga)} + Tr{EGs} + D[G,, G

with full propagators:
Gil(1,2) = 2 — Ei(p1) — E4(1, 2); G5 112,12, 2) = 2 — Ey(py) — Ea(ps) — £2(12,1'2', 2)
and selfenergies

5P 5@
Y5(12,1'%, 2) = |
e 22122 = e T

Because of stationarity equivalent to

1aJ 1
n = —ﬁa ﬂZ/ _fl S]_ 1, 1.1.:'}

(baryon number conservation)

$(1,1) =

e Generalization to A-nucleon clusters in nuclear matter
Q= (-1)*[Trin(—G3'") + Tr (84 Ga)] + @,

0P

Gl = G977 Ly, Sa(l. AT Az, = .
A A Ay Bal...4 ) = A A AT A




1. Cluster expansion in the 2Pl formalism

A) Choice of the ®-functional:
- 2-particle irreducible diagrams /4\

- closed 2-loop diagram involving
3 cluster propagators (A, B, A+B)
and 2 vertices
- equivalent to 1 T-matrix + 2 propagators

A+RB 3
B

B) Ansatz for thermodynamic potential:

Q — }:[—1}*‘1 [Trin (=G, ') + Tr(4 Ga)] + Y ®[Ga.G5.Ga 5] .
A.B

od
OGa(l.. A, 1"... A", za)

Gl =G —x,y, Ba(1..A 1. A ) =

C) Check: conservation laws, e.g.: 1 90

(correspondence to GF formalism) HZ_EE VZ[ — fi(@)Ai (1, )




Cluster virial expansion in the 2Pl formalism,
Examples:

A) Deuterons in nuclear matter: /(\

Q 2z L)

N

B) Mesons in quark matter:

C) Nucleons in quark matter: @ @

D) Nucleons and mesons (hadron resonance gas) in quark matter:

L)
U




Example B: Mesons in quark matter

®d-functional Meson selfenergy (RPA) Quark selfenergy

——

Ty (g, 0+in) = G5! —Ty(q,0+in) = |Ty(q,0)| e @) 5. (4 &) — arctan(3 Ty /RTy)
4> m
Q = Qe + Quy oMF — 2N;N.Gs ﬁE—Pu — - (Ep) — F+(Ep)]

7 3
OME

d
Qwr = 7 - ZNfof{Z *‘;3 Ep+Tn(14+e”E = 0/T) 4 Tin (14 Er =0T |

&k [do © . Oy (k, )
o o T 2
QO dﬂf{zﬁ]g f oy {m+2T1n []_ c ]251[1 om (k, @) 4 } ]

Iy (0, po) = de

d'q (0+m/Eq)[1 +8(q0) — f-(Eg)] , (0—m/Eq)[g(qo) + 1+ (Eqg)]
(Eﬁ}‘ﬂ'ﬁpﬂmaqﬂ]{ go—potE;—p—in go—po—E;—p—in }

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D. Zablocki: Ann. Phys. 348 (2014) 228
D. Blaschke, PoS Baldin ISHEPXXII (2015) 113; arxiv:1502.06279



Example B: Mesons in quark matter

®-functional Meson selfenergy (RPA)

Quark selfenergy

Ty (g0 +in) = G5! —Ty(g,0+in) = Ty(g,0)| e @) 5. (4 @) 2 arctan(3 Ty /RT3

a2
Q= Opp +Qyy OMF = ENchGSf {2;;3 EEF[I —J-(Ep) — f+(Ep)] ,

2 3
_ OmF _ ap [ ( —{Ep—E+—#}fT) ( —(Ep E—+.ﬂ]ﬁ")]
ﬂMF_-‘iG}; ZNEN‘F,/-{ZTE'}?' Ep+TIn|1+e +TIn(l+e .

&k [do P
ﬂu=duf{2jr]3f2ﬁ {m+2T1n [1—.: w/ ]251[1 v (k,®)

Iy (0, po) = de

dq (0 +m/Eg)[1+g(q0) — f-(Eg)] . (Yo—m/Eg)[g(qo)+ f+(Eq)]
(Eﬁ}‘LﬁpM{q’qﬂ]{ go—pot+E;—p—in N go—po—E;—p—in }

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D. Zablocki: Ann. Phys. 348 (2014) 228
D. Blaschke, PoS Baldin ISHEPXXII (2015) 113; arxiv:1502.06279



Example B: Mesons in quark matter

d3q © do by = Opec + Bng
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ng x(T) 1 . T T |
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0 TIMeVis — 0 = 7
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i ———  250) |
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38 Lt N
wt L : S 4
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-1 - 0 T

. A | |||||| ] |||||||| ] |||||||| ] 1

i .1 02 .3 (ol 0.1 |

T G E[E'r-:"r'll

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D.

Zablocki: Ann. Phys. 348 (2014) 228



Example B*: Mesons+diquarks in quark matter

2NN 4 d + 26YV¥ + ¥°
— i f P P — + o { +_ } e B _|:'EP_ ],I|I'T
Y= 27E, Fo(Ep) +fa(Ep)l foB) =T 5Gramryy T=¢ "

= w=2u)/T
(® - 28X)X + X° X=een

/3@1- - X)X - X°

o =3 [ 2 [ lok@) + s ). dh(o) -

Suppression of colored states by Polyakov-loop & Confinement: ®=0
6
5
1} _
; 4 =
[ £
3=
s ) 2
0.1 B
-
=11}
0 £
=1
ool
: |:' I i i i L |:I i i i i -1
D 02 04 06 08 02 04 06 08 1
T [GeV]

D. Blaschke, A. Dubinin, M. Buballa: Phys. Rev. D 91 (2015) 125040



Example D: Hadron resonance gas — effect. model

®d-functional:

Selfenergies:




Example D: Mott HRG / PNJL — effective model

0.8

= 0.6

o

Al,

0.4

0.2

dA, /dT, d/dT

20
18
16
14
12
10

O N R N

T I T T T T
B * lattice QCD ]
L - - fit formula
4.
L 2
- ih_ |
t
*
| * _
*
— -.*‘-- —
+
| $ —
§-
#.
+h
| | 1 1 1 * *'*** + L

100 150 200 250

T [MeV]

FPpran(T) = Peg(T) + % [®; T ,

Tln[1+38(Y +Y?) +Y7]
Y(Ep) = exp(—Ep/T)

T
U [®;T) = - “{E 5% | b(T)In(1 — 6&* + 88" — 38*)

=1 &

T-dependent quark masses from fit to LQCD

m(T) = [m(0) — mo]As(T) + mg ,

m,(T) = m(T) +m, —mg .

)

T. =154 MeV 4+ = 26 MeV

D. Blaschke, A. Dubinin, L. Turko, arxiv:1611.09845



Example D: Mott HRG / PNJL — effective model

1.5 ' I ' I ' | ' I T 1~

== Il il

m
— _ 1]
- = I,
I]'I.,|+m-_?

- \ - qu
|
1]

= = H

-

[—
|

masses [GeV]

S
| J
_F.__,_,_r"'"-

Squared center of mass enercy [GeV?]

1 | 1 | 1 | 1 | "
O 0.05 0.1 0.15 0.2 0.25 o 010 o
T [GeV]

0.20 0.25 0.30 0.35
Temperature [GeV]

- 2 dé:(M2:T
f dM T In (] + E_\W."‘T) = Sil‘lﬂ EE:{lﬂrleT] 1[dﬂ£r. }
] n i

®(14+2Y)Y +Y3
1+3P(1+Y)Y +¥3°

- T dppﬂ d':-'l'! 2 a
Ppa(T) = 4N, Z /hrz [?f@[m]cﬁq[m;ﬂ, - {w—ﬁ;}“—kmj

Hadrons + Mott effect

Quarks + rescattering effects fa(w) =

iy dg(w;7y) = 2 + arctan .



Example D: Mott HRG / PNJL — effective model

' [ ' [ ' [
I‘:_. PSLL
—_—— P PS, stamland BLI
0251 — P_, MPS, peneralized BU ]
I'h. PRAL.
02k - P MPS, standard BU
"= P MPS, generalized 1510
h~
015
By
0.1
0.05 -
0
0
T [GeV]

- Mott dissociation of hadrons (here pi, K) at the
Chiral restoration temperature T_c = 153 MeV

- Asymptotic behaviour of quark-gluon
Pressure can be adjusted with rescattering
Parameter gamma

- Very good correspondence between lattice QCD
Thermodynamics and improved MHRG/PNJL model;
Hadronic and partonic contributions quantified

D.B., A. Dubinin, L. Turko, arxiv:1612.09556

T | | T T T
Borsanyi et al. (2014)

Bazavov et al. (2014)

N At N S B

0.1 0.2 0.3 0.4 0.5

0.6

Borsanyi et al. (2014)
Bazavov et al. (2014)

T [GeV]



What about K+/mr+ (Marek's horn) in THESEUS ?

2-phase EoS, b= 2 fm

03¢ THESEUS simulation reproduces 3FH result,
o0sh Thus it has the same discrepancy with experiment
n_zf— --> some key element still missing in the program
wF Batyuk, D.B., Bleicher, et al., PRC 94, 044917 (2016)

LRI
osk Recent new development in PHSD

- @

L Chiral symmetry restoration in HIC at intermediate ...”
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Mott dissociation of Tt and K in hot, dense quark matter

D. Blaschke, A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383

Andrey Radzhabov in front of the University of Wroclaw



PNJL model for N=2+1 quark matter with m and K
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PNJL model for N=2+1 quark matter with m and K

mf

32

8G w2

42 % du
Py = dm/ o f o {g[m mx]l+g{m+#m}}5m[w-.q}
0

(2m)*

o
(=
S
= 900
< >
=
_ ~
s 100
=
E
P TP 1 T T T =, D
0 100 200 300 ADOD 500 e00

T[MeV]

300 ————

dm(w,q) = — arctan {

mo,y +16msGsI{ (T,p), PH. (M +in,0) = 1 — 2GsTIM (My= + in, 0) = 0.

2 A
My — Mo, N, N. [ dpp _
Py = - 2 f dpp” Ey + ﬁ E; [f (Ef) + fa (Ef)]
0

pie-na))

Re (‘P M 4 in, qj)

e P}HL CTOSSOVET |
— P"'JJL first ﬂrder

PH—DE#

I N TN NN SRR TN AN N N I B
200 300 400
p [MeV]



'\\ “ | Mott dissociation of pions and kaons
in the Beth-Uhlenbeck approach ...

S I . S D.B., A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383
D.B., M. Buballa, A. Dubinin, G. Ropke, D. Zablocki, Ann. Phys. (2014)

Thermodynamics of resonances (M) via phase shifts

Ao = i [ e [ ot/ o oV

Polyakov-loop Nambu — Jona-Lasinio modell
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= L
: 2 f
- Pion and a0 as partner states, &/ |

- Chiral symmetry restoration,
- Mott dissociation of bound states,
- Levinson theorem




Mott dissociation of pions and kaons
in the Beth-Uhlenbeck approach ...

D.B., A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383
Polarization loop in Polyakov-loop Nambu — Jona-Lasinio model
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K+ in the dense medium !!
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ratio

Mott dissociation of pions and kaons in Beth-Uhlenbeck:
Explanation of the “horn” effect for K+/1r+ in HIC?

Ratio of yields in BU approach
defined via phase shifts:
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Evaluation along the freeze-out
Curve parametrized by Cleymans et al.

- enhancement for K+ due to anomalous
in-medium bound state mode
- no such enhancement for K- or pions

- explore the effect in thermal statistical
models and in THESEUS ...

D.B., A. Dubinin, A. Radzhaboy,
A. Wergieluk, arxiv:1608.05383



Summary:

- GBU accounts consistently for hadron formation and dissociation (Mott effect)
In chiral Quark/Gluon models

- Comparison/calibration with lattice QCD data OK (shall be extended to finite mu)

- Fraction of hadronic correlations (bound and continuum) — input for models

- New modes in medium due to BSE dynamics (e.g., K+)
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Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy
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quark exchange interaction
between nucleons:




Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy

Not new! Already contained in above diagrams!
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quark exchange interaction
between nucleons:




Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy

& O

quark exchange interaction
between nucleons:




Intermezzo: Structure of the baryon?
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Church,
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Structure of the baryon?
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Intermezzo: Structure of the baryon?

Borromean ? !

AP ¢°

_ _ =il i
A e Tr InS™ A A, ¢}

Zhtact = [ DATDA D¢ exp{—

Cahill, Roberts, Prashifka: Aust. J. Phys. 42 (1989) 129, 161
Cahill, ibid, 171; Reinhardt: PLB 244 (1990) 316; Buck, Alkofer, Reinhardt: PLB 286 (1992) 29



Example C: Pauli blocking among baryons

Q:;ﬁ (g‘g‘* @ a) Low density: Fermi gas of nucleons (baryons)
L& a®
T, re e
@9 &) &)
b)

b) ~ saturation: Quark exchange interaction and
Pauli blocking among nucleons (baryons)

c) high density: Quark cluster matter (string-flip
model ...)

Roepke & Schulz, Z. Phys. C 35, 379 (1987); Roepke, DB, Schulz, PRD 34, 3499 (1986)

Free quark  Nucleons (baWO”S) nmedium — Nucleon (baryon) self-energy --> Energy shift

in medium

l {t— *\, A" =3 |4,p(123) [ [E(1)+E(Q+E(3)=Ep][fa, (1) +f4,(2)+f4,3)]
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_ }i +3 3 Urp 1230, p(456)f 3 EYp ) Bustbyp( 12305 p(456) —th, p(453 )by 126)
e 123 456 +v'P°
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T =EP;ﬂi.fm+HP;ﬂ.m
One-quark exchange Two- quark exchange ’ ’
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Pauli quenching effects in a simple string model of quark/nuclear matter
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Example C: Pauli blocking in NM — details

New aspect: chiral restoration --> dropping quark mass
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Increased baryon swelling at supersaturation densities:
--> dramatic enhancement of the Pauli repulsion !!

D.B., H. Grigorian, G. Roepke: “Quark exchange effects in dense nuclear matter”, in prep. (2016)



IUD T | T | T | T I E T I T lIl.l' T
' 4
i ———— LW+ Qex A
— 00,14 |
80 00,60 it !
R -—-—901ra ;S _ ]
— ——— 01,60
£ 60 -
=
';; | i
E ok S |
(=8
20 -
| p-eq. matter with electrons i
D Il 1 I 1 I 1 I 1
0 100 200 300 400 500
£ [MeV f111_3:|
100 e
- ——— LW+ MQex
—— 00,14
80F - 00.60
-——— 01,14
_ T ———- 01,60
¥
'.::: L
=
— _-;'I_.D -
(=T
201 4
f-eq. matter with electrons
D 1 1 I 1 I 1 I 1 I 1
0 100 200 300 400 500

Example C: Pauli blocking in NM - results
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Example C: Pauli blocking in NM — Summary

Pauli blocking selfenergy (cluster meanfield) calculable in potential models for baryon structure
Partial replacement of other short-range repulsion mechanisms (vector meson exchange)

Modern aspects:
- onset of chiral symmetry restoration enhances nucleon swelling and Pauli blocking at high n
- quark exchange among baryons -> six-quark wavefunction -> “bag melting” -> deconfinement

Chiral stiffening of nuclear matter --> reduces onset density for deconfinement

Hybrid EoS:
Convenient generalization of RMF models,
Take care: eventually aspects of quark exchange already in density dependent vertices!

Other baryons:

- hyperons

- deltas

Again calculable, partially done in nonrelativistic quark exchange models, chiral effects not yet!

ivisti it ; ; ; 2 — ;0,1 :
Relativistic generalization: aid L5 P29 e P10

Box diagrams of quark-diquark model ... & -
/.

pa;p P p Paj p Ps—qipi P3P

K. Maeda, Ann. Phys. 326 (2011) 1032



Support a CEP in QCD phase diagram with Astrophysics?
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NICA White Paper, http://theor. jinr.ru/twiki-cgi/view/NICA /WebHome

Crossover at finite T (Lattice QCD) + First order at zero T (Astrophysics) = Critical endpoint exists!
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